IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Vacuum energy in quantum field theory with external potentials concentrated on planes

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1992 J. Phys. A: Math. Gen. 25 4483
(http://iopscience.iop.org/0305-4470/25/16/023)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.58
The article was downloaded on 01/06/2010 at 16:56

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/25/16
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

1. Phys. A: Math. Gen. 25 (1992) 4483-4498. Printed in the UK

Vacuum energy in quantum field theory with external potentials
concentrated on planes

M Bordag, D Hennigt and D Robaschik
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Leipzig, Federal Republic of Germany

Received 16 July 1991, in final form 3 April 1992

Abstract. In the presence of an idealized potential on two parallel planes represented by
two one-dimensional §-functions at x;=—d/2 and x,=+d/2 we discuss the Feynmann
propagators for relativistic scalar and spinor fields. These propagators take into account
bound states, scattering states and resonances. The Casimir energy for this configuration
is calculated. For massive fields the Casimir force decreases exponentially with rising
distances. In the scalar case we find an attractive force and in the spinor case a repulsive
force. An attempt to treat the same problem for a massive scalar field using non-relativistic
quantum field theory leads to a vanishing Casimir force.

1. Introduction

The vacuum energy of quantized fields is an interesting and fundamental quantity. If
there are external parameters in the theory, then the vacuum energy depends on these
parameters, which can lead to observable consequences. The most popular example
is the Casimir effect [1] where the vacuum energy depends on the distance between
two conducting plates. The corresponding force has been observed [2]. To date, many
configurations and boundary conditions have been considered (see the reviews [3, 4]
for example).

In the usual treatment of the Casimir effect one investigates the electromagnetic
field only and considers the plates as perfect conductors represented by the correspond-
ing boundary conditions. It is, however, possible to idealize a metallic plate with
respect to the behaviour of the electrons by a potential well (Sommerfeld’s potential
pot model), especially by an idealized potential well represented by a §-function. This
makes sense because the energy states in such a potential contain only one bound state
(to each degree of freedom) and the usual continuum states (5, 6]. So far estimating
further contributions to the Casimir force we are able to represent the two metallic
plates with respect to the electron field by two external §-type potential wells separated
by the distance d [7].

In this paper we calculate the Casimir energy in the presence of the potential

eAy(x)=a(8(x,~d\)+8(x;—d))) (1.1)

for massive and massless scalar and spinor fields. Because of the difficulties of the
formulation of a scalar field theory with a singular externzl potential the scalar model

+ Permanent address: Fachbereich Physik, Institut fiir Theoretische Physik, Humboldt Universitdt Invaliden-
strasse 42, 0-1040 Berlin, Federal Republic of Germany.

0305-4470/92/164483 +16304.50 (© 1992 [OP Publishing Ltd 4483



4434 M Bordag et al

has very restricted validity. The action of potential (1.1) is reformulated as boundary
conditions to the fields at the positions of the plates. In this connection the resulting
new boundary conditions can be viewed as a generalization of the usually taken
Dirichlet boundary conditions controlled by a new parameter a. However, if we think
about idealized metallic plates then we expect two contributions. First we have to take
into account the vacuum energy and second the energy of the filled levels. Here we
will study the vacuum energy only. First calculations of this problem have been
performed by Mamaev and Trunov [7] for the special case of relativistic scalar fields
under the influence of repulsive S-potentials.

Here we use a consequent field-theoretic formulation for the calculation of the
Casimir effect. We discuss the known expressions [ 8] of the propagators in the presence
of the 3-potential. These propagators take into account bound states, scattering states
and resonances. They are represented by closed expressions in momentum space. As
is well known, this is possible for a very limited number of potentials (homogeneous
fields, periodic fields, Coulomb field, special potential wells) [9] only. More solvable
examples are known in non-relativistic field theory (see [10] and references therein).

The vacuum energy is calculated as the vacuum expectation value of the energy
momentum tensor. Using point splitting as the regularization procedure we can directly
insert the derived Green functions. As a result we obtain that for massive fields the
Casimir force decreases exponentially with increasing distance. This justifies in prin-
ciple the standard procedure for the determination of the Casimir force by taking into
account the photon field only. All other possible fields (electron field, proton field,
etc) lead to exponentially decreasing contributions which can be neglected for large
distances. In the scalar case we find an attractive force and in the spinor case a repulsive
force. This may be in accordance with speculations on supersymmetry [11].

An attempt to treat the same problem for a massive scalar field using non-relativistic
guantum field theory leads to a vanishing Casimir force. Usually one considers that
the Casimir effect is determined by the infrared part of the zero point energy. For
massive particles this part of the spectrum should be well approximated by a non-
relativistic treatment. From our result it may follow that also in the massive case the
change in the infrared spectrum from relativistic theory cannot be approximated
sufficienily well by non-relativistic theory.

The paper is organized as follows. We introduce the necessary field-theoretic
notation in section 2. The propagators are discussed, taking into account the solutions
of the field equation in the next section. The Casimir energy is calculated in the fourth
section. The corresponding investigations in non-relativistic quantum field theory under
the influence of the potential Ay(x) (see (1.1)) are given in section §.

2. Basic notation
In this section we give the necessary field-theoretical notation, which is close to that

used in standard textbooks [12]. In the scalar case the starting point is the Lagrange
density

L(x) =a.0*(x)0"p(x)+ (mz—Z 2a,(x;— da))f.o*(xhp(x)- (2.1)

If we compare it with a Lagrangian with minimal coupling to a gauge field A~ 8(x; — d)
then we have taken into account the most singular part of this interaction,



Vacuum energy in quantum field theory 4485

©*pb(x3;)8(x;) ~ const ¢*p8(x;), in a regularized way. The parameter a, which can be
understood as the strength of the potential, has the dimension of an inverse length.
This is the simplest procedure to obtain a well-defined problem for concentrated
potentials within scalar field theory [7, 8]. Note that in this way the charge sensitivity
of the external potential is lost and the potential couples in the same manner to particles
and antiparticles. This is one reason why the scalar model has very limited validity,
but it allows a simple treatment in comparison with the following spinor model. The
necessary formulae are: the field equation

(62—2 ; ad(x;—d))+ m2)¢(x) =0

the causal propagator

(62—22 ad(x;—d;)+ mz)sD"(x, y)=8(x—y) (2.2

OTe(x)e*(»)|0) = —i* D*(x, ») (2.3)
and the energy-momentum tensor

T (%) = 8,0(x)0,0*(x) + 3,0 (x)3,.¢*(x) — g £(x).¢ (2.4)

The formulae for the spinor field are similar. As the Lagrange density we choose
L(x) = YTx)GA - m)y(x)

(A= Ay*, A, =du ~ieAp), then the propagator S°(x, y) obeys
(A —m)'5%(x, y) = 8(x~y)

as well as
(OTe (X} (»)|0y=1S5"(x, ) (2.5)
whereas the energy-momentum tensor takes the form
T,.(x) =17¥5n( 22 )w(:c). (26)
2 0x, dJx,

We consider the potential A, (x), given by (1.1), which is concentrated on parallel
planes perpendicular to the x; axis, intersecting it at x; = d; (i =1, 2). Without loss of
generality we choose d, , = +d/2, so that d is the distance between the planes. Because
the potential is concentrated on the planes it is possible to rewrite it as 2 boundary
condition. This means that the equation of motion is considered for x; # 4; only and
accompanied by boundary conditions at x; = d;, The form of the energy-momentum
tensor remains unchanged because it has to be considered for x; # d,.

In the scalar case the boundary condition is

d a
;3;; ‘P(x)lxg—dJ+0_-é;: ¢(x)|x3-di—0+zaqp(x)lxgwdl = 0 (2'7)
and the field is assumed to be continuous at x; = d,.
In the spinor case the field equation is

(ia—m + i ad(x; —d,-)y“)d;(x) =0.

im]
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Again it can be replaced by the free field equation supplemented by a boundary
condition [8, 13],

RY()yetm0= ()0 (2.8)
without any problems. R has the properties of a rotation matrix:
R =exp(iy’y’#)

where tan($/2) = a/2. Note that the parameter a, i.e. the strength of the potential, is
dimensionless in this case.

3. Solutions and propagators for &-potentials

Here we investigate the propagators, taking into account the solutions of the field
equations. We start with the scalar case and discuss the more complicated spinor case
afterwards. All the considered solutions factorize into a plane wave part in the
(xg, X3, X;) directions and other x;-dependent functions.

3.1. Scalar fields

In the case with one &-potential located at x;=0 there exists a set of symmetric
scattering states

oP(x;)= \/% cos(k|x3| +tan"(£)) (3.1)

(k=0,...,00), a set of antisymmetric scattering states

2
PE(xy) = \/;smu«x;) (32)
(ks =0, ...,00), and for 0<a <m a bound state solution (k= —ia)
Poounal(X3) = va EXP(_alxal)- (3.3)

Note that these solutions appear for particles and antiparticles in the same way. For
a <0 there is no bound state solution because the potential is repulsive. For a>m
and if k2+ki<a®-m? the corresponding energy ko=+ki+k3—a’+m’ becomes
imaginary. In this case the binding energy of the bound state is larger than the energy
gap between particle and antiparticle states. This situation is called ‘tevel diving’ and
is well known (see [9] for example). We do not consider this situation here and assume
a<m.

In the case of two 8-potentials there are similar solutions. The symmetric scattering
states are

cos(hd /24 849) s por <8
o) 1 cos{kd/2) (3.4)
K 3= .
\/_ cos(k|x3|+3(sy)) for |13|>5

(k=0,...,00), where & is given by

v (i) 2]
5(,}.)— k2+tan [tan(k2 % |
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The antisymmetric scattering states are

' sln(kd/2+ 6(35)) (kx3) fo]‘ |x3| <g
as 1 sin(kd /2 2

pr(x) =y SKA/2) (3.5)
sin{k|x;|+ £(x3) 8(a)) for |x3[>5

with 8¢ = —kd/2+cot '[cot(kd/2)—2a/ k] [3].
For a > 0 there are, additionally, two bound state solutions. The symmetric bound
state

d
) el e T for |x3|<-2~

(D;):)und(xB) = (3'6)
V(2/a) e +2d d
( /a) € (1 +eylyd) e—'y“lx;\ fO‘I {x3‘ >E

with y,, = a( 1+e~"»?), and the antisymmetric bound state

] e’ g7 Tu’s for |x3|<é
bound(X3) = 3.7
[ d( 3 ,‘(2/‘1) e""d—-Zd p el ( )
{~1+e"=%)g(x;) e Tl for |x3]>5

with y,,=a(1—e ™),

Next, we list the expressions for the propagators [8]. We denote the propagator
with boundary conditions by *D(x, y) and split it into the free space part and the
boundary-dependent part according to

*D(x, y) = D°(x, ) - D(x, ). (3.8)
We note from (2.2) that _I;(x, y) obeys the homogeneous equation
(D+m?) D%(x, ) =0 - (3.9)

everywhere except on the boundary, where it is determined by the boundary condition.
Because of the symmetry properties of the system it is useful to apply a mixed
representation. To derive it we start with the free field propagator D°(x, y) and carry
out the k, integration [14], and get

where in the following a =0,1,2 and
T=vVki-ki-Kki+m’+ie. (3.11)
In the presence of one §-potential we get the representation
D°(x y) I “3 RINCS _1_ a' ailllxyl+lysh (3.12)
(2m) 2I' a+il

Let us study this representation in some detail. First we remark that, in the limiting
case a » 0, D% x, y) vanishes and *D°(x, y) (3.8) reduces to the free field propagator,
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as it must. Next, we consider the integrand as a function of k, for fixed %, and k;.
The integration path vy lies in the complex k;-plane. There are two cuts starting from
ko= £V k2+ k3+m?® arising from the square root in I' (see (3.11)). The upper sheet is
defined by ImI">0 for real k, between the cuts (i.e. for |ko|<sVki+ki+m?). The
integration path y lies just in this sheet. The cuts represent the scattering states (3.1)
and (3.2). Now, from the &-potential two poles arise at ko= vV ki+ ki+m?—a® as
solutions of the equation I' =ia. For 0 < a < m these poles lie on the upper sheet and
correspond to stable bound states. For a > m (and ki + k3 < a®— m?) they move to the
imaginary axis and level diving occur. For a <0 they are still present, but on the lower
sheet (Im I’ = g <0), and represent resonances. The limit |a| > c¢ can be performed just
for negative a where the poles cannot conflict with the integation path y. In this case
D*(x, y) (see (3.12)) turns to the known expression satisfying the Dirichlet boundary
{14].

In the presence of two 5-potentials the boundary-dependent part of the propagator
takes the representation [8]

— al dk, ik (xa_ye
D°(x,y)=5.[aﬂ_—)3eka( )

y (1—ia/T) e*ir(lx,—dllﬂy;—dd) +(ia/T) o i (xy—d [y —doi+dy (dyod,)
(T—ia)*+a® ™' ‘

(3.13)

The validity of this representation can be checked. We now consider the following
properties. First, for d,=d, (i.e. d =0) we reproduce (3.12) for one 5-potential of
strength 2a. Further, let us consider the analytic structure in the ko-plane. Again there
exist two cuts corresponding to the scattering states. From the zeros of the denominator
on the rHS of (3.13), i.e. from the solutions of the equation

eT? =+ (1+il/a) (3.14)

we obtain poles where the sign + (respectively —) corresponds to the antisymmetric
(respectively symmetric) bound states. For pure imaginary I'=iy/d (y real) these
equations are

e =%(1-y/ad). (3.15)

For ad > —a* with a*=0.278 464 (a* is a solution of a*=1+In a*) they have real
solutions y=(ad), shown in figure 1.

1}*

Figure 1. The solutions y*(ad) of (3.14).
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These solutions have the following interpretation for different values of the para-
meter ad. By means of ko= £V ki +k3+ m”— y they determine the location of the two
poles for each solution in the k, plane. For 0< y, <v k}+k3+ m? the poles lie in the
upper sheet on the real axis between the cuts, for y. > ki + k3 + m? the corresponding
poles move to the imaginary k, axis and level diving occurs. For y. <0 the poles move
to the real axis on the lower sheet and become unphysical, It is interesting to note the
possibility of y, >0 and y_< 0 (for the same value of ad) in the region 0<ad <1. In
this case there is one bound state and one resonance for each particle and antiparticle
only.
To get the general solutions of (3.14) we represent I' by

IF=(x+iy)/d (3.16)
with real x and y. Then, (3.14) splits into two equations:

e Ycosx=x(1-y/ad)

(3.17)
e sin x =*x/ad.
Substituting ¥ from the second equation into the first equation we get
x cot x+Inlsin x/x|= ad —In ad (3.18)

which has a set of solutions x, ~ wn (n=1, 2, .. .). The corresponding y, are all negative.
Thus the corresponding poles in the k, plane lie on the lower sheet. They represent
the resonances occurring between the planes with the 8-potentials. For ad - o they
move to the real k, axis with x, = #n, y, =0. This is the case for Dirichlet boundary
conditions and (3.13} turns out to be the corresponding expression [14]. In this light
we can regard the boundary conditions corresponding to é-functions as a possible
modification of the Dirichlet boundary condition controlled by the parameter a. In
this physical picture conditions (2.7) and (2.8) could model the penetrability of
boundaries.

3.2. Spinor fields

The spinor case can be treated in close analogy to the scalar one. However, the formulae
are more complicated. We first give the propagator [8] which is needed for the
calculation of the Casimir effect and then we will consider the bound state solutions.
In the free field case the propagator §°(x, y) reads in the preferred mixed representation
as

dp, e PalxT=y
2m)? 2

S x, )= J [F+m—yTe(x,—y)]le ™™ (3.19)

Note that we use here and in the following p=p,y* (£=0,1,2,3) and p=p,y"
(@ =0,1, 2). Forthe general case with the boundary conditions (2.8) we make the ansatz

*§°(x, y) = §°(x, y) — 8°(x, ¥) (3.20)
with
oc d’p, R 3 irx,~d,]
Sx, y)= J‘ 2nP ar .-,,-Ei. [f+m—vyTe(xs~d;)]e

x Ky[ p+m—y°Te(d,—p,)] el (3.21)
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where i, j are the planes with 8-potential and K is a spinor-valued matrix to be
determined from the boundary conditions as

2 8P, A'P_;-P,
K, =— A5, +— 8 A (“ N ’ ) A (3.22)
7]

Y 2m Y 2mN P_;adP_A"'P,
The notation is P.=(m+p £ yI')/2m, a =—(2im/T) tan(8/2), 6 =i

a | o
A=y"+=—(P,+P.) A ‘=—(y°——(2—P+—P-)) (3.23)
2 A 2
with
AN 2ip, (19)
A=1—-tan|~) —=tan{ = ). .
an(z) T tan 2 (3.24)
Tha D ama saesiactine Anarntare ond (111681 tha ralotisnas
111G I 4 alv !JI.UJCUI.I.U 1 U}JUIGLUIB ALY IMELLL LIS LIS LatIvL
pi=p, p.p.=Lp, P.y°P =2 p,
i " (3.25)
+ 2+ 2 .
p.A'P.A"P, =2 A’:I 2 P, P.A7'P.=—P.y"P

The quantity N in the denominator is defined as

a8\’
N=1-(—) (pi+pi+m’).
( Am) (pi+pr+m’)
Its zeros determine the spectrum, like (3.14) in the scalar case. The condition N =0
can be rewritten in the form

po+il cot(9) = v pi+pi+m? e’ (3.26)

We add the spinor propagator in the case of one §-potential (at x; = d,, for example).
It is given by (3.20) and (3.21)} with

Ku—-z—n-;A‘ K;=0foriorj#l. (3.27)

The spectrum follows from the condition A =0, which can be rewritien as
Po=¢e(3W p?+pi+m? cos(8). (3.28)

Here, in contrast to the scalar case, the symmetry between the particle and antiparticle
is broken. Therefore, for a potential attractive with respect to the particles, the pole
with p,> 0 lies in the upper sheet of the p, plane and corresponds to a bound state,
whereas the pole with p,<0 lies in the lower sheet and corresponds to a resonance
state for the antiparticle. An essential difference from the scalar case is that here no
level diving occurs because |p,| < m for all p,, p, and for all values of the strength
a = 2tan(8/2) of the §-potential. Similar considerations are true for (3.26) representing
the case of two S-potentials.

For completeness we derive here the bound state solutions ,,(x;} e "'**/2#. This
is a non-trivial task. The Slﬁlr)lESL way is to extraci these solutions fiom the known
representation of the propagator. For this reason we remark that the propagator *S°(x, y}
can be represented in the form

$%(x, y)= J. ﬂ g PaxT Y 'f’(n)(xs)'f‘(n)(ysj
’ 27y {(m Po—{E(ny— E(m))(1 +ig)

(3.29)
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(£>>0). Here (n) denotes the quantum number which characterizes the solutions in
addition to p, and p,, and E,, are the corresponding energy values. The solutions
¥(m)(x,) obey the equation

(p m+iy® )4;(",(;:3) 0 for x;# d..

In the case of one 8-potential the index (n) for the bound states consists of two spin
states distinguished by o ==1. The energy is given by po=e(3)V pi+ p}+ m* cos(¥)
(see (3.28)). In the case of two &-potentials it includes two solutions of (3.26) (denoted
by E*) for the energy, each of which has two spin states (with o = +1). Furthermore,
the bound states are characterized by |po|<m and, consequently, I'=

pe—pi—p3—m® =iy with real y. Now we compare the above-derived representations
(3.20), (3.21) of *S°(x, y) with (3.29). Closing the integration path for p, in (3.29) as
well as in (3.21) we obtain a contribution from the poles at p,= E* which contains
the bound states. Of course, there are further contributions related to the scattering
states. From the residuum of the poles we get

(Z) ‘f’(n)(xa)'ff(n)zxaj

bound

1 2 d | ]
=—R G+ mtiy — | e vl I,.( 5+m—i 3__) —ly,—d,|
27 es ¥y (p m+iy E_)‘x3)e K\ p+m-iy P e

hi=1

where the residuum is taken at p, = E™. It is clear thatit is just :'S‘-E(x, y) which contributes
to the pole term. In the case of one §-potential we have (n) = o = *1 and make the ansatz

. ., 3 0 —lx
¥, (x;) = (P+m+1'}’3 a_xi) el ’l'f‘o-(Ph p2)-

Taking into account (3.27) we get

9o (P, pa) = 0, 2P
—_— +_ .
cr=z:tl ¢a(p1’p2) Py, P2 47m6)«/6p0 (‘y 2 m )

Now it is easy to prove that

p—m

1 ( (Po, +m) cos(®)x.. )
AP, P2) =7 3.30
Vo lpi. p2) ~(a, p, + o3 p;) sin( D) x, (3.30)
with
1 0 2m
X1=( ) X2=( ) N ==—=V2yA'( po+ m) cos(}).
0 1 a
In the case of two &-potentials a similar ansatz reads as
2 8 '
bo(x)= T (,5 +m+iy’ -m) e Ty, (3.31)
=1 X3

with p,= E*. For the spinors ¢, we get from K, (see (3.22))
P ij

Yo =A™ 1( (aa/t\)P_ )(—(mp](io:zzfm)xa) (3:32)
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with

1 1
X~ (cr(pz-ipl)/v pf+p§)

where & is a normalization factor.

4, Calculation of the Casimir energy

The aim is the calculation of the distance-dependent part of the vacuum energy. For
simplicity we first consider scalar field theory: One possibility is the investigation of
the energy-momentum tensor T,, (see (2.4)}. Its vacuum expectation value can be
expressed by the T-product of the fields. Using {2.2) and the field equation we get

(0| To:)lo) =

6x0 ayg i ? B ? x=y (4'1)

where x # y is used as a regularization. The first term on the rRHs of (4.1) contains the
free field contribution; because of its distance independence we omit it. In further
calculations we take into account D° only. But this contribution is not finite. As
distance-independent divergent contributions we can furthermore eliminate terms
connected with the §-potentials of two individual planes.

First we consider the contribution from one. §-potential. Inserting (3.12) for D°(x ¥)
into {4.1) we get

&Pk, ko _a_
T 21F|x3|
(0| T5]0) = J'(2 YT a+il
and after a Wick rotation ky— ik,
dik, kia
0 le' 0y = _J LERg 4l e—2y!x3i
(l 00|) (27)37(‘1_?)

with y=vki+ki+ki+m* B=1,2,4. So the energy density of one 8-potential is a
finite quantity. Near the plane with the S-potential, i.e. for x; - 0, it diverges as (x3)7%,

as exnected from dimensional considerations
pected from Qimensional consicerations,

Second, inserting (3.13) for D°(x,y) into (4.1) we get the contribution of two
§-potentials:

. d’k,
Ol T5(x)|0)y =ia I ) Ko
(1 _1a/l-|) ez:l"\x —-d |+ (1a/I‘) ex[ (|xy—d, | +lx;— d2\+d)+(d ﬁdz)
(1"—1a)2+ a2 e:le"d'

This is a finite expression for x; # d;, where it diverges as for the contribution of one
8-potential. So we subtract the individual contributions from a single 5-potential at
x;=d, and at x;=d,:

(0| T35°"°(x)|0)
= (0] T28(x)[0) — (0| T53(x — d,)[0) = (0| T35 (x ~ d>)|0)
=az'|.d3a k%eud ‘ |
(27) T(a+iD)[(T —ia)*+a®e?]
x[a e 4D _ (g 4i[) M hihamdl 4 (d, 0 d))]
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whereby the energy is shifted by an amount which is independent of the distance d
between the planes with 8-potentials. For the distance-dependent part of the energy
density per unit area

+00
Ey= .[ dx3(0| T%g'sub(xa)m} (4.2)

we get

3 2
E,= j(d k. 2a’kg[d —1/(a+il)] Q2rd (4.3)

27)’ T[(a+il)? - a® e®]
This formuia represents the Casimir energy between two &-potentials. In order to
discuss its behaviour for different values of the parameter d we simplify (4.3). The
analytic structure of the integrand contains an additional pole at I'=iag which corres-
ponds to the bound state of one individual 3-potential introduced by the subtraction
procedure in (4.2). So the Wick rotation k,-» ik, is possible and we get

with y=vkj+kj+k2+m> The integration over the angles leads to

P __a_2 © . kld+1/(y=a)] ~2vd
Fo= :L dk?[(a-v)z“ﬂze_z”d]e

3

with y=vk*>+m”. It is interesting to consider some limiting cases. For this reason we
change the integration variable k to y =vk*+m”—m and obtain

a® J 4, O 2P LA+ 1/ (4 m=a)] ayma

=— 4
Eoz 37t (y+m—a)—a’e 290*+m (@.4)

Now, for md » 1, E, decreases exponentially, and to leading order we have
2 3/2
—a m —2md
—~ e — e . 4.5
® ma»18(m—a)’d (wd) (45)
The other limiting case is the massless one:
2 oo 3
- a yld+1/(y—a)] .
E(m—()):_ J‘ d‘y — e ZTd
0 (.y 0)2 2 2yd

In the limit ad -» —o0 we get the known result corresponding to the Dirichlet boundary
conditions,

2

o Gl —, 4.
ad—+-ow 79043 ( 6)
and for weak 8-potentials we get
E{m=? ~ . (4.7)

ad-0 2.,,,2,’1

These results show the expected behaviour, especially the exponential suppression in
the massive case. In all these cases the Casimir force is attractive.

In the case of the spinor field the calculations are similar; however, they are
technically more complicated. The vacuum expectation value of Ty, (using (2.5) and
(2.6)) is

1{a a e
{0] Too(x)]0) = *E(F—EF) Tr ¥ *8%(x, y)l,,
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Using (3.20), (3.21) and omitting the distance-independent contribution containing
5% x, y) we get

d&’p. py 0 s
(0] Toof x)|0y = I (7;)'; T __Z=1 Try{{p+m—yTe(x;—d)]K;

x [ﬁ +m— 'ysl"e(dj _ x3)]} eiI“(|:c3—¢;il|—+|Jcs—dj|)

which is finite for x, # d; (i =1, 2). As in the scalar case we subtract the contributions
from individual 8-potentials at x;=d;. By means of (3.27) this results just in the
omission of the first term in (3.22) for K;;. Now, we consider the contributions to the
vacuum energy resulting from three different regions of the x; axis separately. Defining

Fd/2
E*= dx,(0| T53"(x)0)
J_ds2
E*= dx3(0| Toa"(x)|0)
Jasz
r—d/2
E'= dx5(01 T56°(x)[0)
we have
E=E'+E*+E’.

In the region between the 8-potentials, i.e. for —d/2<x, < d/2 we get

d’p. poazélm_rr o
(2m)? TIN 4

x{(@8P_AT'PLAT'P.AT'P, "+ o8P, AT'P_ATIP, AT P_e 70T
~P,AT'P_AT'P,—P_AT'PLAT'P).

o= |

Using (3.25) as well as the traces
Tr y°P,y°P_=2(pi + pi+ m*)/ m? Try°P.=2p,/m
we get for E? the contribution

o | 4P 2poa262(p?+p§+m2)( d+ia(pf+p§+m2)(82—1))
@2x) A’m’TN Po mAl’ )

(4.8)
For the region d/2 < x, we obtain

d*p, poa’ém
ub _ o o
(0| T35°(x)|0) J @n)} TN Try

x(a8’P_A"'\P,LAT'P_A7'P, +aP_A"'P_AT'P,A"'P,
—P_ AT'PLAT'P_-P_AT'P.ATIP ) ",
With the help of the auxiliary formulae

P.A7'P, = ﬁ P, with u = po—iy tan(9/2)
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we obtain for E?

| @Ppa poa’s’ "k ap’
ESmjmﬁlﬁ ﬂzpo—(P?+p§+mz)(m(p?+p§+m2)+j\%—po) .

(49)

Clearly, from the region x; < —d/2 we get the same contribution, i.e. E'= E>.
Finally, to make these expressions more transparent, we consider two limiting cases.
First, we assume md » 1. In (4.8) for E? we perform the Wick rotation and consider

the leading contribution only. The result is

2 1 m\*"?
E* ~ —tand|—) ™ 4.10
ad»1 4 (Trd) ( )
which shows the expected proportionality to exp(—2md). It can be shown that the
contribution from E' and E* are by one power 1/md smaller in this limiting case.
Note that the Casimir effect is a long-distance effect by comparing the distance d with
the Compton wavelength of the corresponding massive particle. Therefore, exponen-
tially vanishing contributions are suppressed in comparison with those of massless
particles,
The other limiting case is the massless one. Here all contributions (i.e. from E?
and from E' and E*) are of equal order and the energy for small & is
- &
(m=0) __ __ ~
-0 150°d>" (4.1)
Note that the Casimir force for the spinor case is repulsive. This is in contfast to
the scalar case. From the viewpoint of supersymmetry [11] one may believe that
spinor contributions have an opposite sign in comparison to the scalar ones. In [7]
other boundary conditions are used, leading to an attractive force for the spinor
case too.

5. The non-relativistic approximation

It is interesting to compare the calculation of the Casimir force corresponding to
massive fields in relativistic and non-relativistic quantum field theory. A heuristic
argument could be as follows. For the Casimir effect only low frequencies are essential.
The reason is that the high frequencies cancel themselves when the free space contribu-
tion is subtracted. On the other hand, the low-energy behaviour for massive fields is
considered to be well described by a non-relativistic approximation. We show that this
is not the case. From the foregoing sections and from [7] we know that for large m
any Casimir force decreases exponentially as exp(—2md). This result is not reproduced
in non-relativistic quantum field theory.
We consider the Schrédinger equation

(i, - H)w(x)=0 (5.1)

with the Hamiltonian

H=——+¢eAyx)
2m
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where the potential is given by (1.1). The second quantized field operators are
y(x)=Y e '®¥(x}a,
PH(x) =T e7"'®,(x)as
with
[a;s a:] = 60{&'
and ®,(x) are the eigenfunctions of the Hamiltonian
HD (x)=¢6.D.(x). (5.2)

Taking into account a symmetric operator ordering in the Hamiltonian we get for the
ground state energy

EM=1Ye.. (5.3)

This can be represented with the help of the retarded propagator A(x, y) as

a (=]
E‘o""=i—j dx; A(x, y)
at J

ryrpert - (5.4)

*=y
Because of the retardation property of the propagator (5.4) we use t—t'>0 as a
regularization.

Consider first the free field case. Here the propagator in the mixed representation
is

d’k, k(2 —y)i
A(x, y) = J (27r)3 %elka(x -y )+|I']x3—y3| (5.5)

where I' is given by
T =v2mky— ki - k3+ie. (5.6)

This is the only change introduced by non-relativistic field theory in comparison with
the corresponding relations (3.10}, (3.11) for relativistic field theory. With this change
all the further formulae of section 3 for §-potentials are valid in this case too.

Now, the calculation of the distance-dependent part of the vacuum energy E, per
unit area is performed in the same way as in section 4 and we arrive at

dik kod—1/(a+il)] @2l d—iky(1—t)
27 I'[(a—il)*—a* e®'] ’

Here the difference between the definitions of the energy, i.e. between (4.1) and (5.4)
as well as (5.6) are taken into account. Further, we used > t' as a regularization. Now
the analytic structure of the integrand on the rus of (5.7) differs from that in the
corresponding expressions in section 4 because I' contains 2mk, instead of k3. There-
fore, the cut and the poles on the left side of the k, plane are absent. So, if the
integration path could be closed in the upper half plane the result would be zero. Now
we argue that the regularization 1> ¢’ can be removed when the result is finite. This
is possible. For example, we can give the distance d a positive imaginary part d > d +ie.
Then exp(2il'd) makes the integral convergent and it is possible to set ¢ —t'=0. Note
that this is closely connected with the fact that the Casimir force is finite. So the
non-relativistic energy (5.7) vanishes: E o) = 0,

EP?=-2am I (5.7
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To understand this result better we consider the more simple case of two plates,
represented by Dirichlet boundary conditions. We perform a direct summation of the
zero point energies with the help of the {-function method. Here, X,, represents
integration over the moments k, and k, parallel to the plates and summation over the
perpendicular  frequencies k;=an/d (n=1,2,...). The energy is &g, =
[k} +k3+(mn/d)*}/2m and we get

E(m)_ljdkl dk, @ (kf+k§+(1m/d)2)"
(o)

2 (211’)2 nE] 2m

(5.8)

where o is a regularization parameter with o - 1 finally. Equation {5.8) can be easily

calculated:
— o0 2o0+2
Bt (m)
$a(2m)*(1+a) ,22: \ d

-1 a 242a
") ) 2

where { is the {-function. In the limit -1 we clearly get E{"” =0 because of the
zeros of the ¢-function.

These examples allow the conclusion that the Casimir effect of a massive field has
an essential relativistic character and cannot be calculated within a non-relativistic
theory. In our case the non-relativistic ground state energy of the Schrodinger field
theory does not depend on the parameters of the system [15]. In a pure mathematical
sense this means that the large mass limit {i.e. mc®- 00) in relativistic theory has to be
performed after calculating the ground state energy. An interchange of this operation
is not allowed, as the expansion ko= m+ k7,,/2m+. .. cannot be used. So the heuristic
argument that high frequencies are not essential for the Casimir force fails.
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